
Practica 14
Integrales Triples
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Problema 1.

Escriba las seis (diferentes) integrales triples 
asociadas al volumen de un solido rectangular que se 
encuentra en el primer octante, delimitado por por 
los planos de coordenadas y los planos x=1, y=2 y z=3. 
Evalúe una de las integrales
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15.4  TRIPLE INTEGRALS IN RECTANGULAR COORDINATES

 1. F x, y, z  dy dz dx  dy dz dx 1 x z dz dx' ' ' ' ' ' ' '
0 0 x z 0 0 x z 0 0

1 1 x 1 1 1 x 1 1 1 xa b a bœ œ ! !

 1 x x 1 x dx dxœ ! ! ! ! œ œ œ!' '
0 0

1 1’ “ ’ “a b a b a b a b a b1 x 1 x
2 2 6

1 x
6 0

1! ! !
"2 2 3

 2. dz dy dx 3 dy dx 6 dx 6, dz dx dy, dx dy dz, dx dz dy,' ' ' ' ' ' ' ' ' ' ' ' ' ' '
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 3 1 2 1 2 1 3 3 2 1 2 3 1

  œ œ œ

 dy dx dz, dy dz dx' ' ' ' ' '
0 0 0 0 0 0

3 1 2 1 3 2

 3. dz dy dx' ' '
0 0 0

1 2 2x 3 3x 3y 2

 3 3x y  dy dxœ ! !' '
0 0

1 2 2xˆ ‰3
2

 3(1 x) 2(1 x) 4(1 x)  dxœ ! ! ! !'
0

1! ‘† †
3
4

#

 3 (1 x)  dx (1 x) 1,œ ! œ ! ! œ'
0

1
# $ "

!c d
 dz dx dy, dy dz dx,' ' ' ' ' '

0 0 0 0 0 0

2 1 y 2 3 3x 3y 2 1 3 3x 2 2x 2z 3

 dy dx dz, dx dz dy,' ' ' ' ' '
0 0 0 0 0 0

3 1 z 3 2 2x 2z 3 2 3 3y 2 1 y 2 z 3

  dx dy dz' ' '
0 0 0

3 2 2z 3 1 y 2 z 3
 

 4. dz dy dx 4 x  dy dx 3 4 x  dx x 4 x 4 sin  6 sin 1 3 ,' ' ' ' ' '
0 0 0 0 0 0

2 3 4 x 2 3 2 2

0
œ ! œ ! œ ! " œ œÈ È È’ “# # #
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!" !"3 x
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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2 4 x 8 x y 2 4 x 8 x y

œ

 4 8 2 x y  dy dxœ ! "' '
0 0

2 4 x c da b# #

 8 4 x y  dy dxœ ! !' '
0 0

2 4 x a b# #

 8 4 r  r dr d 8 2r  dœ ! œ !' ' '
0 0 0

2 2 2a b ’ “# #
#

!
) )

r
4

 32 d 32 16 ,œ œ œ'
0

2

) 1ˆ ‰1
#

 dz dx dy,' ' '
2 4 y x y

2 4 y 8 x y

  dx dz dy  dx dz dy,' ' ' ' ' '
2 y z y 2 4 8 z y

2 4 z y 2 8 y 8 z y

 "
 

  dx dy dz  dx dy dz,   dy dz dx  dy dz' ' ' ' ' ' ' ' ' ' ' '
0 z z y 4 8 z 8 z y 2 x z x 2 4 8 z x

4 z z y 8 8 z 8 z y 2 4 z x 2 8 x 8 z x

" " dx,

  dy dx dz dy dx dz' ' ' ' ' '
0 z z x 4 8 z 8 z x

4 z z x 8 8 z 8 z x

"
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Problema 2.

   Sea D la región delimitada por el paraboloide 
y el plano               Escriba la integral triple con 
diferenciales dz dx dy y dz dy dx, que den el volumen de D. 
No integre ninguna de las expresiones.

1106 Chapter 15: Multiple Integrals

EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations

1. Evaluate the integral in Example 2 taking to find
the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.

7.

8. 9.

10. 11.

12.

13. 14.

15. 16.

17.

18.

19. L
p>4

0
 L

ln sec y

0
 L

2t

-q
 ex dx dt dy styx-spaced

L
e

1
 L

e

1
 L

e

1
ln r ln s ln t dt dr ds srst-spaced

L
p

0
 L
p

0
 L
p

0
 cos su + y + wd du dy dw suyw-spaced

L
1

0
 L

1-x2

0
 L

4-x2-y

3
 x dz dy dxL

1

0
 L

2-x

0
 L

2-x-y

0
 dz dy dx

L
2

0
 L
24-y2

-24-y2
  L

2x+y

0
 dz dx dyL

3

0
 L
29-x2

0
 L
29-x2

0
 dz dy dx

L
1

-1
  L

1

-1
  L

1

-1
sx + y + zd dy dx dz

L
1

0
 L
p

0
 L
p

0
 y sin z dx dy dzL

1

0
 L

3-3x

0
 L

3-3x-y

0
 dz dy dx

L
e

1
 L

e

1
 L

e

1
 

1
xyz dx dy dzL

22

0
 L

3y

0
 L

8-x2-y2

x2+3y2
 dz dx dy

L
1

0
 L

1

0
 L

1

0
sx2 + y2 + z2d dz dy dx
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La región R en el plano:
964 Chapter 15 Multiple Integrals

 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:

 dz dx dy and  dz dy dx' ' ' ' ' '
0 2y y x y 1 1 1 x x y

2 2y y 2y 1 1 1 x 2y

 

 7.  x y z  dz dy dx  x y  dy dx x  dx 1' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1a b ˆ ‰ ˆ ‰# # # # # #"! ! œ ! ! œ ! œ3 3
2

 8. dz dx dy 8 2x 4y  dx dy 8x x 4xy  dy' ' ' ' ' '
0 0 x 3y 0 0 0

2 3y 8 x y 2 3y 2 3y

0
œ " " œ " "a b ! ‘# # $ #2

3

 24y 18y 12y  dy 12y y 24 30 6œ " " œ " œ " œ "'
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2 2

0
a b ! ‘$ $ # %"5

2

 9.  dx dy dz  dy dz  dy dz  dz  dz 1' ' ' ' ' ' ' ' '
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e e e e e e e e ee e

1 1
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ln x ln y
œ œ œ œ œ’ “ ’ “
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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 6. The projection of D onto the xy-plane has the boundary
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations

1. Evaluate the integral in Example 2 taking to find
the volume of the tetrahedron.
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y = 3.x2 + z2 = 4
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z = 3.
x = 1, y = 2,
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations

1. Evaluate the integral in Example 2 taking to find
the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
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6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.
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x = 1, y = 2,
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations

1. Evaluate the integral in Example 2 taking to find
the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:

 dz dx dy and  dz dy dx' ' ' ' ' '
0 2y y x y 1 1 1 x x y

2 2y y 2y 1 1 1 x 2y
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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8. 9.

10. 11.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations

1. Evaluate the integral in Example 2 taking to find
the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:

 dz dx dy and  dz dy dx' ' ' ' ' '
0 2y y x y 1 1 1 x x y
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ

 Therefore the two integrals are:
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EXERCISES 15.4

Evaluating Triple Integrals in Different
Iterations
1. Evaluate the integral in Example 2 taking to find

the volume of the tetrahedron.

2. Volume of rectangular solid Write six different iterated triple
integrals for the volume of the rectangular solid in the first octant
bounded by the coordinate planes and the planes 
and Evaluate one of the integrals.

3. Volume of tetrahedron Write six different iterated triple inte-
grals for the volume of the tetrahedron cut from the first octant by
the plane Evaluate one of the integrals.

4. Volume of solid Write six different iterated triple integrals for
the volume of the region in the first octant enclosed by the cylinder

and the plane Evaluate one of the integrals.

5. Volume enclosed by paraboloids Let D be the region bounded
by the paraboloids and Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

6. Volume inside paraboloid beneath a plane Let D be the re-
gion bounded by the paraboloid and the plane

Write triple iterated integrals in the order dz dx dy and 
dz dy dx that give the volume of D. Do not evaluate either integral.
z = 2y.

z = x2 + y2

z = x2 + y2.z = 8 - x2 - y2

y = 3.x2 + z2 = 4

6x + 3y + 2z = 6.

z = 3.
x = 1, y = 2,

Fsx, y, zd = 1

Evaluating Triple Iterated Integrals
Evaluate the integrals in Exercises 7–20.

7.

8. 9.

10. 11.

12.

13. 14.

15. 16.

17.

18.

19. L
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L
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0
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L
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 6. The projection of D onto the xy-plane has the boundary
 x y 2y  x (y 1) 1, which is a circle.# # # #! œ Ê ! " œ
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Problema 4.

    Sea la integral

20.

Volumes Using Triple Integrals
21. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

22. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

Find the volumes of the regions in Exercises 23–36.

23. The region between the cylinder and the xy-plane that is
bounded by the planes 

z

x

y

x = 0, x = 1, y = -1, y = 1
z = y2

0

z

y

x
1

1

(1, –1, 0)

(1, –1, 1)

(0, –1, 1)

z ! y2

L
1

0
 L

0

-1 
  L

y2

0
 dz dy dx.

11
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(1, 1, 0)

y

x

z

Top:  y " z ! 1

(–1, 1, 0)

Side:
y ! x2
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L
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-1
  L

1

x2
  L

1-y

0
 dz dy dx .

L
7

0
 L

2

0
 L
24-q2

0
 

q
r + 1

 dp dq dr spqr-spaced
24. The region in the first octant bounded by the coordinate planes

and the planes 

25. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

26. The wedge cut from the cylinder by the planes
and 

27. The tetrahedron in the first octant bounded by the coordinate
planes and the plane passing through (1, 0, 0), (0, 2, 0), and
(0, 0, 3).

z

y

x

(1, 0, 0)

(0, 2, 0)

(0, 0, 3)

z

y

x

z = 0z = -y
x2 + y2 = 1

z

y

x

x = 4 - y2y + z = 2 ,

z

y
x

x + z = 1, y + 2z = 2
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con región de integración

20.

Volumes Using Triple Integrals
21. Here is the region of integration of the integral
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Reescriba la integral en 
sus 5 formas posibles.

14
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20.

Volumes Using Triple Integrals
21. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

22. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

Find the volumes of the regions in Exercises 23–36.

23. The region between the cylinder and the xy-plane that is
bounded by the planes 
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x = 0, x = 1, y = -1, y = 1
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(1, –1, 0)
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y

x

z

Top:  y " z ! 1

(–1, 1, 0)
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–1

L
1

-1
  L

1

x2
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1-y

0
 dz dy dx .

L
7

0
 L

2

0
 L
24-q2

0
 

q
r + 1

 dp dq dr spqr-spaced
24. The region in the first octant bounded by the coordinate planes

and the planes 

25. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

26. The wedge cut from the cylinder by the planes
and 

27. The tetrahedron in the first octant bounded by the coordinate
planes and the plane passing through (1, 0, 0), (0, 2, 0), and
(0, 0, 3).

z

y

x

(1, 0, 0)

(0, 2, 0)

(0, 0, 3)

z

y

x

z = 0z = -y
x2 + y2 = 1

z

y

x

x = 4 - y2y + z = 2 ,

z

y
x

x + z = 1, y + 2z = 2
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Ejercicio 2.

   Calcule el volumen del tetrahedro construido en el 
primer octante por los planos de coordenadas y el plano 
que pasa por los puntos (1,0,0), (0,2,0) y (0,0,3).

20.

Volumes Using Triple Integrals
21. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

22. Here is the region of integration of the integral

Rewrite the integral as an equivalent iterated integral in the order

a. dy dz dx b. dy dx dz

c. dx dy dz d. dx dz dy

e. dz dx dy.

Find the volumes of the regions in Exercises 23–36.

23. The region between the cylinder and the xy-plane that is
bounded by the planes 
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  L
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0
 dz dy dx.
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Top:  y " z ! 1

(–1, 1, 0)
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y ! x2

–1

L
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  L
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  L

1-y

0
 dz dy dx .

L
7

0
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2

0
 L
24-q2

0
 

q
r + 1

 dp dq dr spqr-spaced
24. The region in the first octant bounded by the coordinate planes

and the planes 

25. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

26. The wedge cut from the cylinder by the planes
and 

27. The tetrahedron in the first octant bounded by the coordinate
planes and the plane passing through (1, 0, 0), (0, 2, 0), and
(0, 0, 3).

z

y

x

(1, 0, 0)

(0, 2, 0)

(0, 0, 3)
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y
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z = 0z = -y
x2 + y2 = 1
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x = 4 - y2y + z = 2 ,

z

y
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x + z = 1, y + 2z = 2
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Ejercicio 3.

   Calcule el volumen de la región construida en el 
primer octante delimitado por los planos de 
coordenadas, el plano                   y la superficie

28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

z

y

x

y2 + 4z2 = 16x + y = 4 ,

z

y

x

z = 4 - x2 - y

z

y
x

0

x2 ! z2 " 1

x2 ! y2 " 1

x2 + z2 = 1 ,
x2 + y2 = 1

z

y

x

0 … x … 1
z = cos spx>2d,y = 1 - x,

32. The region cut from the cylinder by the plane 
and the plane 

33. The region between the planes and 
in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.

41.

42.

43.

44. L
2

0
 L

4-x2

0
 L

x

0
 
sin 2z
4 - z

 dy dz dx

L
1

0
 L

1

32z
  L

ln 3

0
 
pe2x sin py2

y2  dx dy dz

L
1

0
 L

1

0
 L

1

x2
12xze zy2

 dy dx dz

L
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 L

1

0
 L

2

2y
 
4 cos sx2d

22z
 dx dy dz

z = 2x = 2, y = 2,
Fsx, y, zd = xyz

z = 1
x = 1, y = 1,

Fsx, y, zd = x2 + y2 + z2

z = 2x = 1, y = 1,

Fsx, y, zd = x + y - z

z = 2x = 2, y = 2,
Fsx, y, zd = x2 + 9

z = x2 + y2,
x = 1 - y2,

x = 0,

z = x + 2
x2 + 4y2 … 4

z = 0.y = 8,
z = x, x + z = 8, z = y, 

z = 4
2x + 2y +x + y + 2z = 2

z

y

x

x + z = 3
z = 0x2 + y2 = 4
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28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 
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in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.
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28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 
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34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes
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28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 
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raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.
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Problema 5.

     Calcule el volumen de la región comun al interior de los 
cilindros

En la figura se 
muestra un 
octavo de la 
figura real.

28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

z

y

x

y2 + 4z2 = 16x + y = 4 ,

z

y

x

z = 4 - x2 - y
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y
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x2 + z2 = 1 ,
x2 + y2 = 1

z

y

x

0 … x … 1
z = cos spx>2d,y = 1 - x,

32. The region cut from the cylinder by the plane 
and the plane 

33. The region between the planes and 
in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
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bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
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 Section 15.4 Triple Integrals in Rectangular Coordinates 965
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28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 
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34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.
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Problema 6.

    Halle el promedio de la función 

sobre la región rectangular en el primer octante delimitada 
por los planos de coordenadas y los planos

28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

z

y

x

y2 + 4z2 = 16x + y = 4 ,

z

y

x

z = 4 - x2 - y

z

y
x

0

x2 ! z2 " 1

x2 ! y2 " 1

x2 + z2 = 1 ,
x2 + y2 = 1

z

y

x

0 … x … 1
z = cos spx>2d,y = 1 - x,

32. The region cut from the cylinder by the plane 
and the plane 

33. The region between the planes and 
in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.
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z = 4
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28. The region in the first octant bounded by the coordinate planes,
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29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.
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sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane
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tegration in an appropriate way.
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Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
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37. over the cube in the first octant bounded by
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octant bounded by the coordinate planes and the planes
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Ejercicio 4.

   Evalúe las siguientes integrales, por medio de un 
cambio de orden de integración

28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 

z

y

x

y2 + 4z2 = 16x + y = 4 ,

z

y

x

z = 4 - x2 - y

z

y
x

0

x2 ! z2 " 1

x2 ! y2 " 1

x2 + z2 = 1 ,
x2 + y2 = 1

z

y

x

0 … x … 1
z = cos spx>2d,y = 1 - x,

32. The region cut from the cylinder by the plane 
and the plane 

33. The region between the planes and 
in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.

41.
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Fsx, y, zd = xyz
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Fsx, y, zd = x2 + y2 + z2

z = 2x = 1, y = 1,

Fsx, y, zd = x + y - z

z = 2x = 2, y = 2,
Fsx, y, zd = x2 + 9

z = x2 + y2,
x = 1 - y2,

x = 0,

z = x + 2
x2 + 4y2 … 4

z = 0.y = 8,
z = x, x + z = 8, z = y, 

z = 4
2x + 2y +x + y + 2z = 2

z

y

x

x + z = 3
z = 0x2 + y2 = 4
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28. The region in the first octant bounded by the coordinate planes,
the plane and the surface 

29. The region common to the interiors of the cylinders 
and one-eighth of which is shown in the accompa-
nying figure.

30. The region in the first octant bounded by the coordinate planes
and the surface 

31. The region in the first octant bounded by the coordinate planes,
the plane and the cylinder 
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y2 + 4z2 = 16x + y = 4 ,

z

y

x

z = 4 - x2 - y

z

y
x

0

x2 ! z2 " 1

x2 ! y2 " 1

x2 + z2 = 1 ,
x2 + y2 = 1

z

y

x

0 … x … 1
z = cos spx>2d,y = 1 - x,

32. The region cut from the cylinder by the plane 
and the plane 

33. The region between the planes and 
in the first octant

34. The finite region bounded by the planes 
and 

35. The region cut from the solid elliptical cylinder by
the xy-plane and the plane 

36. The region bounded in back by the plane on the front and
sides by the parabolic cylinder on the top by the pa-
raboloid and on the bottom by the xy-plane

Average Values
In Exercises 37–40, find the average value of F(x, y, z) over the given
region.

37. over the cube in the first octant bounded by
the coordinate planes and the planes and 

38. over the rectangular solid in the first
octant bounded by the coordinate planes and the planes

and 

39. over the cube in the first octant
bounded by the coordinate planes and the planes 
and 

40. over the cube in the first octant bounded by the
coordinate planes and the planes and 

Changing the Order of Integration
Evaluate the integrals in Exercises 41–44 by changing the order of in-
tegration in an appropriate way.

41.

42.

43.

44. L
2

0
 L

4-x2

0
 L

x

0
 
sin 2z
4 - z

 dy dz dx

L
1

0
 L

1

32z
  L

ln 3

0
 
pe2x sin py2

y2  dx dy dz

L
1

0
 L

1

0
 L

1

x2
12xze zy2

 dy dx dz

L
4

0
 L

1

0
 L

2

2y
 
4 cos sx2d

22z
 dx dy dz

z = 2x = 2, y = 2,
Fsx, y, zd = xyz

z = 1
x = 1, y = 1,

Fsx, y, zd = x2 + y2 + z2

z = 2x = 1, y = 1,

Fsx, y, zd = x + y - z

z = 2x = 2, y = 2,
Fsx, y, zd = x2 + 9

z = x2 + y2,
x = 1 - y2,

x = 0,

z = x + 2
x2 + 4y2 … 4

z = 0.y = 8,
z = x, x + z = 8, z = y, 

z = 4
2x + 2y +x + y + 2z = 2

z

y

x

x + z = 3
z = 0x2 + y2 = 4
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